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We propose to use fermionic atoms with degenerate ground and excited internal levels (Fg → Fe),
loaded into the motional ground state of an optical lattice with two atoms per lattice site, to realize
dark states with no radiative decay. The physical mechanism behind the dark states is an interplay
of Pauli blocking and multilevel dipolar interactions. The dark states are independent of lattice
geometry, can support an extensive number of excitations and can be coherently prepared using a
Raman scheme taking advantage of the quantum Zeno effect. These attributes make them appealing
for atomic clocks, quantum memories, and quantum information on decoherence free subspaces.
Introduction.—Subradiance is a fascinating quantum
phenomenon in which coupled quantum emitters, e.g. ex-
cited atoms, radiate light at a slower rate than inde-
pendent emitters. This modified decay rate originates
from quantum interference between single-particle and
collective decay processes, due to atom-light interactions.
When the decay rate completely vanishes, the corre-
sponding states are called dark states.
Ever since Dicke’s seminal paper [1], subradiance has
been widely studied in two-level systems [2–17], and in
systems with multiple excited levels decaying to a unique
ground state [18–21]. Most works concentrate on subra-
diant states where a single excitation is shared among
all atoms. Recently, single-excitation subradiant states
in arrays of two-level atoms have been shown to have in-
teresting applications for quantum memories [6], atomic
clocks [8], mirrors [15], excitation transport [9, 20], or
to create topological states [14, 22] or entangled pho-
tons [13]. However, despite many theoretical proposals,
only few experiments have managed to observe subradi-
ance so far [23–32]. This is challenging because subradi-
ant states are generally hard to prepare, and often require
the atoms to be very close to each other compared to the
wavelength of the transition.
In this work, we propose to circumvent some of these
problems using fermionic atoms with multiple internal
levels. Such atoms possess both degenerate ground and
excited levels. Due to the complexity of the problem,
only few recent works have studied subradiance in mul-
tilevel systems with degenerate ground states [33, 34].
In particular, the multiple decay channels available to
each excited state make it hard to generate subradiant
states. Here, however, we take advantage of the blockade
imposed by fermion statistics by considering arrays with
two fermionic atoms per optical lattice site [Fig. 1(e)].
For this system we find a large set of dark states with
remarkable features. They are independent of lattice ge-
ometry, in particular they do not require subwavelength
arrays, they can support an extensive number of excita-
tions, and they can be coherently prepared using e.g. a
Raman scheme. These dark states arise from a com-
bination of having two atoms per site in the motional
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(c) Lowest band
(b) Dipole interactions
(e) Pauli blocking
(d) Optical lattice
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FIG. 1. Summary of proposed platform. (a) Fermionic atoms
with an Fg → Fe transition from ground (blue) to excited
levels (red). (b) Examples of dipole exchange interaction
between different levels mediated by a photon (red wave).
(c),(d) Optical lattice with two atoms per site occupying the
motional ground state only. (e) Example of a decay channel
blocked by Pauli exclusion.
ground state, Pauli blocking, and multilevel dipolar inter-
actions. We focus here on implementations with alkaline-
earth(-like) atoms such as 171Yb and 87Sr, but empha-
size that the main results are not restricted to these
species. Our findings open the door to potentially us-
ing this decoherence-free subspace of dark states for, e.g.,
atomic clocks or quantum memories.
System.—We consider an optical lattice loaded with
n = 2 fermionic atoms per lattice site, see Fig. 1. We
work in the limit of a deep trap such that tunneling is
suppressed, and the atoms occupy the motional ground-
state only [Fig. 1(c)]. The latter is valid as long as the
onsite trapping frequency is much larger than the pho-
ton recoil energy (Lamb-Dicke regime), and typical atom-
atom interactions.
We consider for each atom a radiative transition with
half-integer total angular momentum Fg → Fe. The
internal level structure thus consists of a manifold of
(2Fg + 1)-degenerate ground states,
∣∣gmg〉 ≡ |g, Fg,mg〉
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2with mg ∈ [−Fg, Fg], and a manifold of (2Fe + 1)-
degenerate excited states, |eme〉 ≡ |e, Fe,me〉 with me ∈
[−Fe, Fe] [Fig. 1(a)]. These two sets of states are sepa-
rated by an energy ω0 = ck0.
The atoms interact with each other via dipole inter-
actions (Fig. 1). After a standard Born-Markov ap-
proximation [35–37], the dynamics of the atomic den-
sity matrix ρˆ can be described by a master equation,
˙ˆρ = −i[Hˆ, ρˆ] + L(ρˆ) (~ = 1), with
Hˆ = −
∑
i,j
∑
q,q′
Ri,jq,q′ Dˆ+i,q Dˆ−j,q′ , (1)
L(ρˆ) = −
∑
i,j
∑
q,q′
Ii,jq,q′
({
Dˆ+i,q Dˆ−j,q′ , ρˆ
}
− 2Dˆ−j,q′ ρˆ Dˆ+i,q
)
.
This describes all possible coherent and incoherent ex-
changes of photons between two atoms. The crucial el-
ement here is the spherical dipole operator Dˆ±i,q, which
acts as a multilevel raising and lowering operator defined
as Dˆ+i,q ≡ (Dˆ−i,q)† and
Dˆ−i,q =
∑
m
Cqm σˆ
(i)−
m,m+q. (2)
Here, σˆ
(i)−
mn ≡ fˆ†i,gm fˆi,en , and fˆ
(†)
i,am
annihilates (creates)
a fermion at site i with internal level |am〉 (a = g, e), and
{fˆi,am , fˆ†j,bn} = δij δab δmn. Thus, the operator Dˆ−i,q cor-
responds to a sum over all possible decay processes from
|em+q〉 to |gm〉, weighted by the Clebsch-Gordan coef-
ficient of the transition, Cqm ≡ 〈Fg,m; 1, q|Fe,m + q〉.
The emitted photon can have polarization q = 0,±1
with e0 ≡ ez and e± ≡ ∓(ex ± iey), where ez defines
the quantization axis. The strength of the interaction,
Ri,jq,q′ ≡
(
e∗Tq ReG
ij eq′
)
and Ii,jq,q′ ≡
(
e∗Tq ImG
ij eq′
)
, de-
pends on the polarizations q and q′ of the involved tran-
sitions and on the relative distance between the atoms.
For atoms at different sites (i 6= j), the dipolar inter-
action coefficients can be written as Gij = G(ri − rj),
where G is proportional to the electromagnetic
dyadic Green’s tensor in vacuum [38] G(r) =
3Γ
4
{[
1− rˆ⊗ rˆ] eik0rk0r + [1− 3 rˆ⊗ rˆ] ( ieik0r(k0r)2 − eik0r(k0r)3)} .
Here, rˆ ≡ r/|r|, and the spontaneous decay rate is
defined as Γ = ω30 |dradge |2/[3pi0~c3(2Fe + 1)], where dradge
is the radial dipole matrix element [39]. The onsite
(i = j) interaction coefficients involve an integral of
the dyadic Green’s tensor over the spatial part of the
wave-function [39]. In the limit of a deep, radially
symmetric trap potential for the two atoms on the same
lattice site, they can be approximated by ReGii = 0
and ImGii = Γ2 1. Nevertheless, we emphasize that
our results are independent of the trap details and the
specific form of Gii.
Multilevel dark states.—Mathematically, a dark state
|D〉 is defined as an eigenstate of Hˆ with L(|D〉〈D|) = 0.
From Eq. (1), a sufficient condition to fulfill this is given
by
Dˆ−i,q |D〉 = 0 ∀i, q. (3)
Physically, this means that all possible photon emission
processes, or decay processes, of the state |D〉 need to in-
terfere destructively. Specifically, condition (3) requires
that each possible polarization (q = 0,±1) cancels out
independently from the others. On top of this, interfer-
ence of different decay processes can only happen if the
final state |f〉 is the same. Since excited states can decay
in our case to different ground states, this implies that all
possible decay processes of |D〉 with polarization q and
final state |f〉 have to cancel out independently from the
other polarizations and final states. Hence, each possi-
ble pair (q, |f〉), or decay channel, gives rise to a sepa-
rate condition to be fulfilled. Notice that all channels
are nevertheless intertwined in a complex fashion since
each state has, in general, multiple decay channels. The
situation is, thus, far more complex than for two-level
systems, which have only one relevant polarization and
ground-state.
It is this multilevel complexity, however, that allows to
find solutions to Eq. (3) when combined with the other
two key ingredients of our proposal: two atoms per site
and fermion statistics. These two elements essentially
allow to block certain unique decay channels which could
otherwise not be cancelled out by interference. To see
this, we first consider the case of a single lattice site,
which will later allow us to construct dark states for the
multisite system.
As a specific example, we consider two atoms on a
single lattice site with Fg = Fe = 1/2. In this case,
there exists exactly one dark state given by (c.f. Fig. 2)
|D0〉{ 12 , 12} ≡
1√
2
(∣∣g−1/2 e1/2〉− ∣∣g1/2 e−1/2〉), where we
defined Fock states as |ambn〉 ≡ fˆ†am fˆ†bn |vacuum〉 with
a, b ∈ {g, e}. The darkness of this state relies heavily on
the Pauli exclusion principle. Because of it, each of the
Fock states involved in the superposition can only decay
to
∣∣g−1/2g1/2〉, via q = 0 polarization. These two con-
tributions interfere destructively. However, if the atoms
could occupy the same state, then, e.g.,
∣∣g1/2 e−1/2〉 could
decay to
∣∣g1/2 g1/2〉, which could not be cancelled out by
interference.
Notice that the dark state |D0〉{ 12 , 12} is symmetric in e
and g, as opposed to the usual two-level Dicke dark state
(|eg〉−|ge〉)/√2. The reason for this lies in the properties
of the Clebsch-Gordan coefficients, which determine the
amplitudes of the states involved in the dark states, here
specifically Cq=01/2 = −Cq=0−1/2.
Another illustrative example of this is given by
the level structure Fg = 1/2 → Fe = 3/2. In
this case, there exist three dark states given by
(c.f. Fig. 2) |D0〉{ 12 , 32} ≡
1√
2
(∣∣g−1/2 e1/2〉+ ∣∣g1/2 e−1/2〉)
and |D±1〉{ 12 , 32} ≡
√
3
2
∣∣g±1/2 e±1/2〉 + 12 ∣∣g∓1/2 e±3/2〉,
3where the subscript stands for the total M = mg + me
of the state, |DM 〉. For this internal level structure one
finds that Cq=01/2 = C
q=0
−1/2 and, hence, the state |D0〉{ 12 , 32}
is instead antisymmetric in e and g. In comparison,
the states |D±1〉{ 12 , 32} are asymmetric with prefactors re-
lated to Clebsch-Gordan coefficients, as explained below.
Apart from these, there are also two other dark states,∣∣g1/2 e3/2〉 and ∣∣g−1/2 e−3/2〉, which are trivially dark due
to Pauli blocking. Such states are in general hard to pre-
pare and will not be further discussed.
This can be generalized to other internal level struc-
tures. For a generic level structure with Fg = Fe ≡ F ,
we find a single dark state given by
|D0〉{F,F} ≡
1√
2F + 1
F∑
m=−F
(−1)F−m |gm e−m〉 . (4)
For F = 1/2 this coincides with |D0〉{ 12 , 12}. More gen-
erally, it turns out that this dark state corresponds to
an eigenstate |FT = 0,M = 0〉 of the total angular mo-
mentum of the two particles, FT = F1 +F2, where F1/2
is the total angular momentum of each atom. This al-
lows for an alternative explanation of the dark state in
terms of the symmetries of the orbital (g, e) and angular
momentum projection (mg/e) parts of the wave function
(the motional part is symmetric by assumption). A state
with FT = 0 can in principle only decay to a state with
FT = 1. However, for both atoms in the ground state the
state with FT = 1 is symmetric [40], and so is the orbital
part (|gg〉). Such a final state is not allowed by fermion
statistics and, therefore, the state of Eq. (4) is dark.
For Fe = Fg + 1 ≡ F + 1, there exists one dark state,
with maximal total angular momentum FT = 2F +1, for
each possible value of M ∈ {−2F − 1, . . . , 2F + 1},
|DM 〉{F,F+1} ≡
F+min(0,M+1)∑
m=−F+max(0,M−1)
α(F,M)m |gmeM−m〉 ,
(5)
where α
(F,M)
m ≡ 〈F,m;F + 1,M −m|2F + 1,M〉. These
dark states can be understood by noting that the above
state with FT = 2F + 1 can only decay to a state with
FT = 2F , which is the maximal angular momentum pos-
sible for both atoms in the ground state. The FT = 2F
state is, however, symmetric [40], and so is the orbital
part. Hence, this final state is again not allowed by ex-
change symmetry, and the state of Eq. (5) is dark.
We note that for Fe = Fg − 1 no dark states exist be-
cause the number of decay channels is too large, and that
for |Fe − Fg| ≥ 2 the transitions are not dipole allowed.
For fillings n ≥ 3 the number of dark states rapidly in-
creases. Such states are, however, sensitive to three-body
losses and will be studied elsewhere [41].
We now return to the multisite problem. Usually,
having more than one lattice site introduces new de-
cay channels that makes it harder to form truly dark
Fg = 1/2
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1
2
<latexit sha1_base64="gBviIyanN1bnCHEn5azt2sQJ624=">AAACY3icfZHbS8MwGMXTep+3enkTITgGPnhpp6AvA1ERHxWcCusoafZ1C6ZpSV Jhxv6Tvvnmi/+H2Rw4L/hB4Mc5JyQ5iXPOlPb9V8edmJyanpmdq8wvLC4teyurtyorJIUmzXgm72OigDMBTc00h/tcAkljDnfxw9nAv3sEqVgmbnQ/h3ZKuoIljBJtpch7ql1E3UawX9/BFxE0DvbrldrzeeSHkoguh8iEJkwkoSYoTb3cGeOwLHFjGDa7Qflv/uArP2ZGXtXf84eDf0MwgioazVXkvYSd jBYpCE05UaoV+LluGyI1oxzKSlgoyAl9IF1oWRQkBdU2w45KXLNKByeZtEtoPFTHdxiSKtVPY5tMie6pn95A/MtrFTo5bhsm8kKDoJ8HJQXHOsODwnGHSaCa9y0QKpm9K6Y9YlvQ9lsqtoTg55N/w219L7B8fVg9OR3VMYs20BbaRgE6QifoEl2hJqLozZl2lh3PeXfn3VV3/TPqOqM9a+jbuJsfl3e1DA ==</latexit><latexit sha1_base64="gBviIyanN1bnCHEn5azt2sQJ624=">AAACY3icfZHbS8MwGMXTep+3enkTITgGPnhpp6AvA1ERHxWcCusoafZ1C6ZpSV Jhxv6Tvvnmi/+H2Rw4L/hB4Mc5JyQ5iXPOlPb9V8edmJyanpmdq8wvLC4teyurtyorJIUmzXgm72OigDMBTc00h/tcAkljDnfxw9nAv3sEqVgmbnQ/h3ZKuoIljBJtpch7ql1E3UawX9/BFxE0DvbrldrzeeSHkoguh8iEJkwkoSYoTb3cGeOwLHFjGDa7Qflv/uArP2ZGXtXf84eDf0MwgioazVXkvYSd jBYpCE05UaoV+LluGyI1oxzKSlgoyAl9IF1oWRQkBdU2w45KXLNKByeZtEtoPFTHdxiSKtVPY5tMie6pn95A/MtrFTo5bhsm8kKDoJ8HJQXHOsODwnGHSaCa9y0QKpm9K6Y9YlvQ9lsqtoTg55N/w219L7B8fVg9OR3VMYs20BbaRgE6QifoEl2hJqLozZl2lh3PeXfn3VV3/TPqOqM9a+jbuJsfl3e1DA ==</latexit><latexit sha1_base64="gBviIyanN1bnCHEn5azt2sQJ624=">AAACY3icfZHbS8MwGMXTep+3enkTITgGPnhpp6AvA1ERHxWcCusoafZ1C6ZpSV Jhxv6Tvvnmi/+H2Rw4L/hB4Mc5JyQ5iXPOlPb9V8edmJyanpmdq8wvLC4teyurtyorJIUmzXgm72OigDMBTc00h/tcAkljDnfxw9nAv3sEqVgmbnQ/h3ZKuoIljBJtpch7ql1E3UawX9/BFxE0DvbrldrzeeSHkoguh8iEJkwkoSYoTb3cGeOwLHFjGDa7Qflv/uArP2ZGXtXf84eDf0MwgioazVXkvYSd jBYpCE05UaoV+LluGyI1oxzKSlgoyAl9IF1oWRQkBdU2w45KXLNKByeZtEtoPFTHdxiSKtVPY5tMie6pn95A/MtrFTo5bhsm8kKDoJ8HJQXHOsODwnGHSaCa9y0QKpm9K6Y9YlvQ9lsqtoTg55N/w219L7B8fVg9OR3VMYs20BbaRgE6QifoEl2hJqLozZl2lh3PeXfn3VV3/TPqOqM9a+jbuJsfl3e1DA ==</latexit><latexit sha1_base64="gBviIyanN1bnCHEn5azt2sQJ624=">AAACY3icfZHbS8MwGMXTep+3enkTITgGPnhpp6AvA1ERHxWcCusoafZ1C6ZpSV Jhxv6Tvvnmi/+H2Rw4L/hB4Mc5JyQ5iXPOlPb9V8edmJyanpmdq8wvLC4teyurtyorJIUmzXgm72OigDMBTc00h/tcAkljDnfxw9nAv3sEqVgmbnQ/h3ZKuoIljBJtpch7ql1E3UawX9/BFxE0DvbrldrzeeSHkoguh8iEJkwkoSYoTb3cGeOwLHFjGDa7Qflv/uArP2ZGXtXf84eDf0MwgioazVXkvYSd jBYpCE05UaoV+LluGyI1oxzKSlgoyAl9IF1oWRQkBdU2w45KXLNKByeZtEtoPFTHdxiSKtVPY5tMie6pn95A/MtrFTo5bhsm8kKDoJ8HJQXHOsODwnGHSaCa9y0QKpm9K6Y9YlvQ9lsqtoTg55N/w219L7B8fVg9OR3VMYs20BbaRgE6QifoEl2hJqLozZl2lh3PeXfn3VV3/TPqOqM9a+jbuJsfl3e1DA ==</latexit>
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2<latexit sha1_base64="46m/Mmi7w3xhFQIXF6rrW1yk1O4=">AAACanicfZHLSsQwFIbTeh9vo4IiboLjgAsv7SjoZkBUxKWCo8J0KGnmdAymaU1SYYhd+Iru fAI3PoSZC3jFA4Gf7/yHk/yJMs6U9rxXxx0ZHRufmJwqTc/Mzs2XFxavVZpLCg2a8lTeRkQBZwIammkOt5kEkkQcbqL7k17/5hGkYqm40t0MWgnpCBYzSrRFYfm5ehZ26v5ubQufhVDf262Vqk+noRdIIjocQhOYIJaEGr8wtWLriw6KAtf7ZrPtF//69z79AxCoB6kt7vGwXPF2vH7h38Ifigoa1kVYfgnaKc0TEJpyolTT9zLdMk RqRjkUpSBXkBF6TzrQtFKQBFTL9KMqcNWSNo5TaY/QuE+/ThiSKNVNIutMiL5TP3s9+Fevmev4sGWYyHINgg4WxTnHOsW93HGbSaCad60gVDJ7V0zviA1D298p2RD8n0/+La5rO77Vl/uVo+NhHJNoDa2jTeSjA3SEztEFaiCK3pxZZ9lZcd7dRXfVXRtYXWc4s4S+lbvxAZOnuHI=</latexit><latexit sha1_base64="46m/Mmi7w3xhFQIXF6rrW1yk1O4=">AAACanicfZHLSsQwFIbTeh9vo4IiboLjgAsv7SjoZkBUxKWCo8J0KGnmdAymaU1SYYhd+Iru fAI3PoSZC3jFA4Gf7/yHk/yJMs6U9rxXxx0ZHRufmJwqTc/Mzs2XFxavVZpLCg2a8lTeRkQBZwIammkOt5kEkkQcbqL7k17/5hGkYqm40t0MWgnpCBYzSrRFYfm5ehZ26v5ubQufhVDf262Vqk+noRdIIjocQhOYIJaEGr8wtWLriw6KAtf7ZrPtF//69z79AxCoB6kt7vGwXPF2vH7h38Ifigoa1kVYfgnaKc0TEJpyolTT9zLdMk RqRjkUpSBXkBF6TzrQtFKQBFTL9KMqcNWSNo5TaY/QuE+/ThiSKNVNIutMiL5TP3s9+Fevmev4sGWYyHINgg4WxTnHOsW93HGbSaCad60gVDJ7V0zviA1D298p2RD8n0/+La5rO77Vl/uVo+NhHJNoDa2jTeSjA3SEztEFaiCK3pxZZ9lZcd7dRXfVXRtYXWc4s4S+lbvxAZOnuHI=</latexit><latexit sha1_base64="46m/Mmi7w3xhFQIXF6rrW1yk1O4=">AAACanicfZHLSsQwFIbTeh9vo4IiboLjgAsv7SjoZkBUxKWCo8J0KGnmdAymaU1SYYhd+Iru fAI3PoSZC3jFA4Gf7/yHk/yJMs6U9rxXxx0ZHRufmJwqTc/Mzs2XFxavVZpLCg2a8lTeRkQBZwIammkOt5kEkkQcbqL7k17/5hGkYqm40t0MWgnpCBYzSrRFYfm5ehZ26v5ubQufhVDf262Vqk+noRdIIjocQhOYIJaEGr8wtWLriw6KAtf7ZrPtF//69z79AxCoB6kt7vGwXPF2vH7h38Ifigoa1kVYfgnaKc0TEJpyolTT9zLdMk RqRjkUpSBXkBF6TzrQtFKQBFTL9KMqcNWSNo5TaY/QuE+/ThiSKNVNIutMiL5TP3s9+Fevmev4sGWYyHINgg4WxTnHOsW93HGbSaCad60gVDJ7V0zviA1D298p2RD8n0/+La5rO77Vl/uVo+NhHJNoDa2jTeSjA3SEztEFaiCK3pxZZ9lZcd7dRXfVXRtYXWc4s4S+lbvxAZOnuHI=</latexit><latexit sha1_base64="46m/Mmi7w3xhFQIXF6rrW1yk1O4=">AAACanicfZHLSsQwFIbTeh9vo4IiboLjgAsv7SjoZkBUxKWCo8J0KGnmdAymaU1SYYhd+Iru fAI3PoSZC3jFA4Gf7/yHk/yJMs6U9rxXxx0ZHRufmJwqTc/Mzs2XFxavVZpLCg2a8lTeRkQBZwIammkOt5kEkkQcbqL7k17/5hGkYqm40t0MWgnpCBYzSrRFYfm5ehZ26v5ubQufhVDf262Vqk+noRdIIjocQhOYIJaEGr8wtWLriw6KAtf7ZrPtF//69z79AxCoB6kt7vGwXPF2vH7h38Ifigoa1kVYfgnaKc0TEJpyolTT9zLdMk RqRjkUpSBXkBF6TzrQtFKQBFTL9KMqcNWSNo5TaY/QuE+/ThiSKNVNIutMiL5TP3s9+Fevmev4sGWYyHINgg4WxTnHOsW93HGbSaCad60gVDJ7V0zviA1D298p2RD8n0/+La5rO77Vl/uVo+NhHJNoDa2jTeSjA3SEztEFaiCK3pxZZ9lZcd7dRXfVXRtYXWc4s4S+lbvxAZOnuHI=</latexit>
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<latexit sha1_base64="wNSu+0iDEkYukrhrbYL/pObWIxk=">AAACY3iclZFJS8QwHMXTundc6nITITgMCC60VdCLICriUcFZYDqUNJOOwTStSSqMsV/Smzcvfg8z C6KOF/8Q+PHeC0le4pxRqTzvzbKnpmdm5+YXnMri0vKKu7rWkFkhMKnjjGWiFSNJGOWkrqhipJULgtKYkWb8cDHwm09ESJrxO9XPSSdFPU4TipEyUuQ+114uI70blKFAvMdIpEMdJgJh7Zc6KPdGfDjgsCzhqTPM7/8jn0ZXp7uB8xUK5aNQxi4jt+odeMOBk+CPoQrGcxO5r2E3w0VKuMIMSdn2vVx1NBKKYkZKJywkyRF+QD3SNshRSmRHDzsq Yc0oXZhkwiyu4FD9vkOjVMp+GptkitS9/O0NxL+8dqGSk46mPC8U4Xh0UFIwqDI4KBx2qSBYsb4BhAU1d4X4HpkylPkWx5Tg/37yJDSCA9/w7VH17HxcxzzYBNtgB/jgGJyBa3AD6gCDd2vWWrFc68Ou2Gv2xihqW+M96+DH2Fufh1G2/A==</latexit><latexit sha1_base64="wNSu+0iDEkYukrhrbYL/pObWIxk=">AAACY3iclZFJS8QwHMXTundc6nITITgMCC60VdCLICriUcFZYDqUNJOOwTStSSqMsV/Smzcvfg8z C6KOF/8Q+PHeC0le4pxRqTzvzbKnpmdm5+YXnMri0vKKu7rWkFkhMKnjjGWiFSNJGOWkrqhipJULgtKYkWb8cDHwm09ESJrxO9XPSSdFPU4TipEyUuQ+114uI70blKFAvMdIpEMdJgJh7Zc6KPdGfDjgsCzhqTPM7/8jn0ZXp7uB8xUK5aNQxi4jt+odeMOBk+CPoQrGcxO5r2E3w0VKuMIMSdn2vVx1NBKKYkZKJywkyRF+QD3SNshRSmRHDzsq Yc0oXZhkwiyu4FD9vkOjVMp+GptkitS9/O0NxL+8dqGSk46mPC8U4Xh0UFIwqDI4KBx2qSBYsb4BhAU1d4X4HpkylPkWx5Tg/37yJDSCA9/w7VH17HxcxzzYBNtgB/jgGJyBa3AD6gCDd2vWWrFc68Ou2Gv2xihqW+M96+DH2Fufh1G2/A==</latexit><latexit sha1_base64="wNSu+0iDEkYukrhrbYL/pObWIxk=">AAACY3iclZFJS8QwHMXTundc6nITITgMCC60VdCLICriUcFZYDqUNJOOwTStSSqMsV/Smzcvfg8z C6KOF/8Q+PHeC0le4pxRqTzvzbKnpmdm5+YXnMri0vKKu7rWkFkhMKnjjGWiFSNJGOWkrqhipJULgtKYkWb8cDHwm09ESJrxO9XPSSdFPU4TipEyUuQ+114uI70blKFAvMdIpEMdJgJh7Zc6KPdGfDjgsCzhqTPM7/8jn0ZXp7uB8xUK5aNQxi4jt+odeMOBk+CPoQrGcxO5r2E3w0VKuMIMSdn2vVx1NBKKYkZKJywkyRF+QD3SNshRSmRHDzsq Yc0oXZhkwiyu4FD9vkOjVMp+GptkitS9/O0NxL+8dqGSk46mPC8U4Xh0UFIwqDI4KBx2qSBYsb4BhAU1d4X4HpkylPkWx5Tg/37yJDSCA9/w7VH17HxcxzzYBNtgB/jgGJyBa3AD6gCDd2vWWrFc68Ou2Gv2xihqW+M96+DH2Fufh1G2/A==</latexit><latexit sha1_base64="wNSu+0iDEkYukrhrbYL/pObWIxk=">AAACY3iclZFJS8QwHMXTundc6nITITgMCC60VdCLICriUcFZYDqUNJOOwTStSSqMsV/Smzcvfg8z C6KOF/8Q+PHeC0le4pxRqTzvzbKnpmdm5+YXnMri0vKKu7rWkFkhMKnjjGWiFSNJGOWkrqhipJULgtKYkWb8cDHwm09ESJrxO9XPSSdFPU4TipEyUuQ+114uI70blKFAvMdIpEMdJgJh7Zc6KPdGfDjgsCzhqTPM7/8jn0ZXp7uB8xUK5aNQxi4jt+odeMOBk+CPoQrGcxO5r2E3w0VKuMIMSdn2vVx1NBKKYkZKJywkyRF+QD3SNshRSmRHDzsq Yc0oXZhkwiyu4FD9vkOjVMp+GptkitS9/O0NxL+8dqGSk46mPC8U4Xh0UFIwqDI4KBx2qSBYsb4BhAU1d4X4HpkylPkWx5Tg/37yJDSCA9/w7VH17HxcxzzYBNtgB/jgGJyBa3AD6gCDd2vWWrFc68Ou2Gv2xihqW+M96+DH2Fufh1G2/A==</latexit>
(
<latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg=">AAACZniclZFb S8MwHMXTetvqbSrigy/BMRC80E5BXwaiIj5OcFNYR0mzdAbTtCapMGK+pG8+++LHMLsgOn3xD4Ef55yQ5CTOGZXK998cd2Z2bn6hVPYWl5ZXVitr622ZFQKTFs5YJu5j JAmjnLQUVYzc54KgNGbkLn68GPp3z0RImvFbNchJN0V9ThOKkbJSVDG1l8tI79VNKBDvMxLpUIeJQFgHRtfN/piPhhwaAxveKH/wj3waXTX26l7tKxXKJ6Gsb7zdqFL 1D/3RwN8QTKAKJtOMKq9hL8NFSrjCDEnZCfxcdTUSimJGjBcWkuQIP6I+6VjkKCWyq0c1GVizSg8mmbCLKzhSv+/QKJVykMY2mSL1IKe9ofiX1ylUctrVlOeFIhyPD0 oKBlUGh53DHhUEKzawgLCg9q4QPyBbh7I/49kSgukn/4Z2/TCwfHNcPTuf1FEC22AH7IIAnIAzcA2aoAUweHfKzrqz4Xy4K+6muzWOus5kzwb4MS78BP44t3E=</late xit><latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg=">AAACZniclZFb S8MwHMXTetvqbSrigy/BMRC80E5BXwaiIj5OcFNYR0mzdAbTtCapMGK+pG8+++LHMLsgOn3xD4Ef55yQ5CTOGZXK998cd2Z2bn6hVPYWl5ZXVitr622ZFQKTFs5YJu5j JAmjnLQUVYzc54KgNGbkLn68GPp3z0RImvFbNchJN0V9ThOKkbJSVDG1l8tI79VNKBDvMxLpUIeJQFgHRtfN/piPhhwaAxveKH/wj3waXTX26l7tKxXKJ6Gsb7zdqFL 1D/3RwN8QTKAKJtOMKq9hL8NFSrjCDEnZCfxcdTUSimJGjBcWkuQIP6I+6VjkKCWyq0c1GVizSg8mmbCLKzhSv+/QKJVykMY2mSL1IKe9ofiX1ylUctrVlOeFIhyPD0 oKBlUGh53DHhUEKzawgLCg9q4QPyBbh7I/49kSgukn/4Z2/TCwfHNcPTuf1FEC22AH7IIAnIAzcA2aoAUweHfKzrqz4Xy4K+6muzWOus5kzwb4MS78BP44t3E=</late xit><latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg=">AAACZniclZFb S8MwHMXTetvqbSrigy/BMRC80E5BXwaiIj5OcFNYR0mzdAbTtCapMGK+pG8+++LHMLsgOn3xD4Ef55yQ5CTOGZXK998cd2Z2bn6hVPYWl5ZXVitr622ZFQKTFs5YJu5j JAmjnLQUVYzc54KgNGbkLn68GPp3z0RImvFbNchJN0V9ThOKkbJSVDG1l8tI79VNKBDvMxLpUIeJQFgHRtfN/piPhhwaAxveKH/wj3waXTX26l7tKxXKJ6Gsb7zdqFL 1D/3RwN8QTKAKJtOMKq9hL8NFSrjCDEnZCfxcdTUSimJGjBcWkuQIP6I+6VjkKCWyq0c1GVizSg8mmbCLKzhSv+/QKJVykMY2mSL1IKe9ofiX1ylUctrVlOeFIhyPD0 oKBlUGh53DHhUEKzawgLCg9q4QPyBbh7I/49kSgukn/4Z2/TCwfHNcPTuf1FEC22AH7IIAnIAzcA2aoAUweHfKzrqz4Xy4K+6muzWOus5kzwb4MS78BP44t3E=</late xit><latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg=">AAACZniclZFb S8MwHMXTetvqbSrigy/BMRC80E5BXwaiIj5OcFNYR0mzdAbTtCapMGK+pG8+++LHMLsgOn3xD4Ef55yQ5CTOGZXK998cd2Z2bn6hVPYWl5ZXVitr622ZFQKTFs5YJu5j JAmjnLQUVYzc54KgNGbkLn68GPp3z0RImvFbNchJN0V9ThOKkbJSVDG1l8tI79VNKBDvMxLpUIeJQFgHRtfN/piPhhwaAxveKH/wj3waXTX26l7tKxXKJ6Gsb7zdqFL 1D/3RwN8QTKAKJtOMKq9hL8NFSrjCDEnZCfxcdTUSimJGjBcWkuQIP6I+6VjkKCWyq0c1GVizSg8mmbCLKzhSv+/QKJVykMY2mSL1IKe9ofiX1ylUctrVlOeFIhyPD0 oKBlUGh53DHhUEKzawgLCg9q4QPyBbh7I/49kSgukn/4Z2/TCwfHNcPTuf1FEC22AH7IIAnIAzcA2aoAUweHfKzrqz4Xy4K+6muzWOus5kzwb4MS78BP44t3E=</late xit>
)
<latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU=">AAACZniclZF bS8MwHMXTepv1Nifigy/BMVDU0U5BXwRRER8VnArrKGmWbmFpWpNUGDFf0jefffFjmF0Qby/+IfDjnBOSnMQ5o1L5/qvjTk3PzM6V5r2FxaXllfJq5U5mhcCkiTOWi YcYScIoJ01FFSMPuSAojRm5j/vnQ//+iQhJM36rBjlpp6jLaUIxUlaKyqb2fBHp3YYJBeJdRiId6jARCOvA6IbZG/PBkENj4Ik3yu//I59Glye7Da/2mQrlo1DWN95 OVK76dX808DcEE6iCyVxH5Zewk+EiJVxhhqRsBX6u2hoJRTEjxgsLSXKE+6hLWhY5Sols61FNBtas0oFJJuziCo7Urzs0SqUcpLFNpkj15E9vKP7ltQqVHLc15XmhC Mfjg5KCQZXBYeewQwXBig0sICyovSvEPWTrUPZnPFtC8PPJv+GuUQ8s3xxWT88mdZTAJtgC2yAAR+AUXIFr0AQYvDnzTsVZc97dZXfd3RhHXWeyZw18Gxd+AP+8t3I =</latexit><latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU=">AAACZniclZF bS8MwHMXTepv1Nifigy/BMVDU0U5BXwRRER8VnArrKGmWbmFpWpNUGDFf0jefffFjmF0Qby/+IfDjnBOSnMQ5o1L5/qvjTk3PzM6V5r2FxaXllfJq5U5mhcCkiTOWi YcYScIoJ01FFSMPuSAojRm5j/vnQ//+iQhJM36rBjlpp6jLaUIxUlaKyqb2fBHp3YYJBeJdRiId6jARCOvA6IbZG/PBkENj4Ik3yu//I59Glye7Da/2mQrlo1DWN95 OVK76dX808DcEE6iCyVxH5Zewk+EiJVxhhqRsBX6u2hoJRTEjxgsLSXKE+6hLWhY5Sols61FNBtas0oFJJuziCo7Urzs0SqUcpLFNpkj15E9vKP7ltQqVHLc15XmhC Mfjg5KCQZXBYeewQwXBig0sICyovSvEPWTrUPZnPFtC8PPJv+GuUQ8s3xxWT88mdZTAJtgC2yAAR+AUXIFr0AQYvDnzTsVZc97dZXfd3RhHXWeyZw18Gxd+AP+8t3I =</latexit><latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU=">AAACZniclZF bS8MwHMXTepv1Nifigy/BMVDU0U5BXwRRER8VnArrKGmWbmFpWpNUGDFf0jefffFjmF0Qby/+IfDjnBOSnMQ5o1L5/qvjTk3PzM6V5r2FxaXllfJq5U5mhcCkiTOWi YcYScIoJ01FFSMPuSAojRm5j/vnQ//+iQhJM36rBjlpp6jLaUIxUlaKyqb2fBHp3YYJBeJdRiId6jARCOvA6IbZG/PBkENj4Ik3yu//I59Glye7Da/2mQrlo1DWN95 OVK76dX808DcEE6iCyVxH5Zewk+EiJVxhhqRsBX6u2hoJRTEjxgsLSXKE+6hLWhY5Sols61FNBtas0oFJJuziCo7Urzs0SqUcpLFNpkj15E9vKP7ltQqVHLc15XmhC Mfjg5KCQZXBYeewQwXBig0sICyovSvEPWTrUPZnPFtC8PPJv+GuUQ8s3xxWT88mdZTAJtgC2yAAR+AUXIFr0AQYvDnzTsVZc97dZXfd3RhHXWeyZw18Gxd+AP+8t3I =</latexit><latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU=">AAACZniclZF bS8MwHMXTepv1Nifigy/BMVDU0U5BXwRRER8VnArrKGmWbmFpWpNUGDFf0jefffFjmF0Qby/+IfDjnBOSnMQ5o1L5/qvjTk3PzM6V5r2FxaXllfJq5U5mhcCkiTOWi YcYScIoJ01FFSMPuSAojRm5j/vnQ//+iQhJM36rBjlpp6jLaUIxUlaKyqb2fBHp3YYJBeJdRiId6jARCOvA6IbZG/PBkENj4Ik3yu//I59Glye7Da/2mQrlo1DWN95 OVK76dX808DcEE6iCyVxH5Zewk+EiJVxhhqRsBX6u2hoJRTEjxgsLSXKE+6hLWhY5Sols61FNBtas0oFJJuziCo7Urzs0SqUcpLFNpkj15E9vKP7ltQqVHLc15XmhC Mfjg5KCQZXBYeewQwXBig0sICyovSvEPWTrUPZnPFtC8PPJv+GuUQ8s3xxWT88mdZTAJtgC2yAAR+AUXIFr0AQYvDnzTsVZc97dZXfd3RhHXWeyZw18Gxd+AP+8t3I =</latexit>
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<latexit sha1_base64="wNSu+0iDEkYukrhrbYL/pObWIxk=">AAACY3iclZFJS8QwHMXTundc6nITITgMCC60VdCLICriUcFZYDqUNJOOwTStSSqMsV/Smzcvfg8z C6KOF/8Q+PHeC0le4pxRqTzvzbKnpmdm5+YXnMri0vKKu7rWkFkhMKnjjGWiFSNJGOWkrqhipJULgtKYkWb8cDHwm09ESJrxO9XPSSdFPU4TipEyUuQ+114uI70blKFAvMdIpEMdJgJh7Zc6KPdGfDjgsCzhqTPM7/8jn0ZXp7uB8xUK5aNQxi4jt+odeMOBk+CPoQrGcxO5r2E3w0VKuMIMSdn2vVx1NBKKYkZKJywkyRF+QD3SNshRSmRHDzsq Yc0oXZhkwiyu4FD9vkOjVMp+GptkitS9/O0NxL+8dqGSk46mPC8U4Xh0UFIwqDI4KBx2qSBYsb4BhAU1d4X4HpkylPkWx5Tg/37yJDSCA9/w7VH17HxcxzzYBNtgB/jgGJyBa3AD6gCDd2vWWrFc68Ou2Gv2xihqW+M96+DH2Fufh1G2/A==</latexit><latexit sha1_base64="wNSu+0iDEkYukrhrbYL/pObWIxk=">AAACY3iclZFJS8QwHMXTundc6nITITgMCC60VdCLICriUcFZYDqUNJOOwTStSSqMsV/Smzcvfg8z C6KOF/8Q+PHeC0le4pxRqTzvzbKnpmdm5+YXnMri0vKKu7rWkFkhMKnjjGWiFSNJGOWkrqhipJULgtKYkWb8cDHwm09ESJrxO9XPSSdFPU4TipEyUuQ+114uI70blKFAvMdIpEMdJgJh7Zc6KPdGfDjgsCzhqTPM7/8jn0ZXp7uB8xUK5aNQxi4jt+odeMOBk+CPoQrGcxO5r2E3w0VKuMIMSdn2vVx1NBKKYkZKJywkyRF+QD3SNshRSmRHDzsq Yc0oXZhkwiyu4FD9vkOjVMp+GptkitS9/O0NxL+8dqGSk46mPC8U4Xh0UFIwqDI4KBx2qSBYsb4BhAU1d4X4HpkylPkWx5Tg/37yJDSCA9/w7VH17HxcxzzYBNtgB/jgGJyBa3AD6gCDd2vWWrFc68Ou2Gv2xihqW+M96+DH2Fufh1G2/A==</latexit><latexit sha1_base64="wNSu+0iDEkYukrhrbYL/pObWIxk=">AAACY3iclZFJS8QwHMXTundc6nITITgMCC60VdCLICriUcFZYDqUNJOOwTStSSqMsV/Smzcvfg8z C6KOF/8Q+PHeC0le4pxRqTzvzbKnpmdm5+YXnMri0vKKu7rWkFkhMKnjjGWiFSNJGOWkrqhipJULgtKYkWb8cDHwm09ESJrxO9XPSSdFPU4TipEyUuQ+114uI70blKFAvMdIpEMdJgJh7Zc6KPdGfDjgsCzhqTPM7/8jn0ZXp7uB8xUK5aNQxi4jt+odeMOBk+CPoQrGcxO5r2E3w0VKuMIMSdn2vVx1NBKKYkZKJywkyRF+QD3SNshRSmRHDzsq Yc0oXZhkwiyu4FD9vkOjVMp+GptkitS9/O0NxL+8dqGSk46mPC8U4Xh0UFIwqDI4KBx2qSBYsb4BhAU1d4X4HpkylPkWx5Tg/37yJDSCA9/w7VH17HxcxzzYBNtgB/jgGJyBa3AD6gCDd2vWWrFc68Ou2Gv2xihqW+M96+DH2Fufh1G2/A==</latexit><latexit sha1_base64="wNSu+0iDEkYukrhrbYL/pObWIxk=">AAACY3iclZFJS8QwHMXTundc6nITITgMCC60VdCLICriUcFZYDqUNJOOwTStSSqMsV/Smzcvfg8z C6KOF/8Q+PHeC0le4pxRqTzvzbKnpmdm5+YXnMri0vKKu7rWkFkhMKnjjGWiFSNJGOWkrqhipJULgtKYkWb8cDHwm09ESJrxO9XPSSdFPU4TipEyUuQ+114uI70blKFAvMdIpEMdJgJh7Zc6KPdGfDjgsCzhqTPM7/8jn0ZXp7uB8xUK5aNQxi4jt+odeMOBk+CPoQrGcxO5r2E3w0VKuMIMSdn2vVx1NBKKYkZKJywkyRF+QD3SNshRSmRHDzsq Yc0oXZhkwiyu4FD9vkOjVMp+GptkitS9/O0NxL+8dqGSk46mPC8U4Xh0UFIwqDI4KBx2qSBYsb4BhAU1d4X4HpkylPkWx5Tg/37yJDSCA9/w7VH17HxcxzzYBNtgB/jgGJyBa3AD6gCDd2vWWrFc68Ou2Gv2xihqW+M96+DH2Fufh1G2/A==</latexit>
(
<latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg=">AAACZniclZFb S8MwHMXTetvqbSrigy/BMRC80E5BXwaiIj5OcFNYR0mzdAbTtCapMGK+pG8+++LHMLsgOn3xD4Ef55yQ5CTOGZXK998cd2Z2bn6hVPYWl5ZXVitr622ZFQKTFs5YJu5j JAmjnLQUVYzc54KgNGbkLn68GPp3z0RImvFbNchJN0V9ThOKkbJSVDG1l8tI79VNKBDvMxLpUIeJQFgHRtfN/piPhhwaAxveKH/wj3waXTX26l7tKxXKJ6Gsb7zdqFL 1D/3RwN8QTKAKJtOMKq9hL8NFSrjCDEnZCfxcdTUSimJGjBcWkuQIP6I+6VjkKCWyq0c1GVizSg8mmbCLKzhSv+/QKJVykMY2mSL1IKe9ofiX1ylUctrVlOeFIhyPD0 oKBlUGh53DHhUEKzawgLCg9q4QPyBbh7I/49kSgukn/4Z2/TCwfHNcPTuf1FEC22AH7IIAnIAzcA2aoAUweHfKzrqz4Xy4K+6muzWOus5kzwb4MS78BP44t3E=</late xit><latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg=">AAACZniclZFb S8MwHMXTetvqbSrigy/BMRC80E5BXwaiIj5OcFNYR0mzdAbTtCapMGK+pG8+++LHMLsgOn3xD4Ef55yQ5CTOGZXK998cd2Z2bn6hVPYWl5ZXVitr622ZFQKTFs5YJu5j JAmjnLQUVYzc54KgNGbkLn68GPp3z0RImvFbNchJN0V9ThOKkbJSVDG1l8tI79VNKBDvMxLpUIeJQFgHRtfN/piPhhwaAxveKH/wj3waXTX26l7tKxXKJ6Gsb7zdqFL 1D/3RwN8QTKAKJtOMKq9hL8NFSrjCDEnZCfxcdTUSimJGjBcWkuQIP6I+6VjkKCWyq0c1GVizSg8mmbCLKzhSv+/QKJVykMY2mSL1IKe9ofiX1ylUctrVlOeFIhyPD0 oKBlUGh53DHhUEKzawgLCg9q4QPyBbh7I/49kSgukn/4Z2/TCwfHNcPTuf1FEC22AH7IIAnIAzcA2aoAUweHfKzrqz4Xy4K+6muzWOus5kzwb4MS78BP44t3E=</late xit><latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg=">AAACZniclZFb S8MwHMXTetvqbSrigy/BMRC80E5BXwaiIj5OcFNYR0mzdAbTtCapMGK+pG8+++LHMLsgOn3xD4Ef55yQ5CTOGZXK998cd2Z2bn6hVPYWl5ZXVitr622ZFQKTFs5YJu5j JAmjnLQUVYzc54KgNGbkLn68GPp3z0RImvFbNchJN0V9ThOKkbJSVDG1l8tI79VNKBDvMxLpUIeJQFgHRtfN/piPhhwaAxveKH/wj3waXTX26l7tKxXKJ6Gsb7zdqFL 1D/3RwN8QTKAKJtOMKq9hL8NFSrjCDEnZCfxcdTUSimJGjBcWkuQIP6I+6VjkKCWyq0c1GVizSg8mmbCLKzhSv+/QKJVykMY2mSL1IKe9ofiX1ylUctrVlOeFIhyPD0 oKBlUGh53DHhUEKzawgLCg9q4QPyBbh7I/49kSgukn/4Z2/TCwfHNcPTuf1FEC22AH7IIAnIAzcA2aoAUweHfKzrqz4Xy4K+6muzWOus5kzwb4MS78BP44t3E=</late xit><latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg=">AAACZniclZFb S8MwHMXTetvqbSrigy/BMRC80E5BXwaiIj5OcFNYR0mzdAbTtCapMGK+pG8+++LHMLsgOn3xD4Ef55yQ5CTOGZXK998cd2Z2bn6hVPYWl5ZXVitr622ZFQKTFs5YJu5j JAmjnLQUVYzc54KgNGbkLn68GPp3z0RImvFbNchJN0V9ThOKkbJSVDG1l8tI79VNKBDvMxLpUIeJQFgHRtfN/piPhhwaAxveKH/wj3waXTX26l7tKxXKJ6Gsb7zdqFL 1D/3RwN8QTKAKJtOMKq9hL8NFSrjCDEnZCfxcdTUSimJGjBcWkuQIP6I+6VjkKCWyq0c1GVizSg8mmbCLKzhSv+/QKJVykMY2mSL1IKe9ofiX1ylUctrVlOeFIhyPD0 oKBlUGh53DHhUEKzawgLCg9q4QPyBbh7I/49kSgukn/4Z2/TCwfHNcPTuf1FEC22AH7IIAnIAzcA2aoAUweHfKzrqz4Xy4K+6muzWOus5kzwb4MS78BP44t3E=</late xit>
)
<latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU=">AAACZniclZFbS8MwHMXTepv1Nifigy/BMVDU0U5BXwRRER8VnArrKGmWbmFpWpNUGDFf0jefff FjmF0Qby/+IfDjnBOSnMQ5o1L5/qvjTk3PzM6V5r2FxaXllfJq5U5mhcCkiTOWiYcYScIoJ01FFSMPuSAojRm5j/vnQ//+iQhJM36rBjlpp6jLaUIxUlaKyqb2fBHp3YYJBeJdRiId6jARCOvA6IbZG/PBkENj4Ik3yu//I59Glye7Da/2mQrlo1DWN95OVK76dX808DcEE6iCyVxH5Zewk+EiJVxhhqRsBX6u2hoJRTEjxgsLSXKE+6hLWh Y5Sols61FNBtas0oFJJuziCo7Urzs0SqUcpLFNpkj15E9vKP7ltQqVHLc15XmhCMfjg5KCQZXBYeewQwXBig0sICyovSvEPWTrUPZnPFtC8PPJv+GuUQ8s3xxWT88mdZTAJtgC2yAAR+AUXIFr0AQYvDnzTsVZc97dZXfd3RhHXWeyZw18Gxd+AP+8t3I=</latexit><latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU=">AAACZniclZFbS8MwHMXTepv1Nifigy/BMVDU0U5BXwRRER8VnArrKGmWbmFpWpNUGDFf0jefff FjmF0Qby/+IfDjnBOSnMQ5o1L5/qvjTk3PzM6V5r2FxaXllfJq5U5mhcCkiTOWiYcYScIoJ01FFSMPuSAojRm5j/vnQ//+iQhJM36rBjlpp6jLaUIxUlaKyqb2fBHp3YYJBeJdRiId6jARCOvA6IbZG/PBkENj4Ik3yu//I59Glye7Da/2mQrlo1DWN95OVK76dX808DcEE6iCyVxH5Zewk+EiJVxhhqRsBX6u2hoJRTEjxgsLSXKE+6hLWh Y5Sols61FNBtas0oFJJuziCo7Urzs0SqUcpLFNpkj15E9vKP7ltQqVHLc15XmhCMfjg5KCQZXBYeewQwXBig0sICyovSvEPWTrUPZnPFtC8PPJv+GuUQ8s3xxWT88mdZTAJtgC2yAAR+AUXIFr0AQYvDnzTsVZc97dZXfd3RhHXWeyZw18Gxd+AP+8t3I=</latexit><latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU=">AAACZniclZFbS8MwHMXTepv1Nifigy/BMVDU0U5BXwRRER8VnArrKGmWbmFpWpNUGDFf0jefff FjmF0Qby/+IfDjnBOSnMQ5o1L5/qvjTk3PzM6V5r2FxaXllfJq5U5mhcCkiTOWiYcYScIoJ01FFSMPuSAojRm5j/vnQ//+iQhJM36rBjlpp6jLaUIxUlaKyqb2fBHp3YYJBeJdRiId6jARCOvA6IbZG/PBkENj4Ik3yu//I59Glye7Da/2mQrlo1DWN95OVK76dX808DcEE6iCyVxH5Zewk+EiJVxhhqRsBX6u2hoJRTEjxgsLSXKE+6hLWh Y5Sols61FNBtas0oFJJuziCo7Urzs0SqUcpLFNpkj15E9vKP7ltQqVHLc15XmhCMfjg5KCQZXBYeewQwXBig0sICyovSvEPWTrUPZnPFtC8PPJv+GuUQ8s3xxWT88mdZTAJtgC2yAAR+AUXIFr0AQYvDnzTsVZc97dZXfd3RhHXWeyZw18Gxd+AP+8t3I=</latexit><latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU=">AAACZniclZFbS8MwHMXTepv1Nifigy/BMVDU0U5BXwRRER8VnArrKGmWbmFpWpNUGDFf0jefff FjmF0Qby/+IfDjnBOSnMQ5o1L5/qvjTk3PzM6V5r2FxaXllfJq5U5mhcCkiTOWiYcYScIoJ01FFSMPuSAojRm5j/vnQ//+iQhJM36rBjlpp6jLaUIxUlaKyqb2fBHp3YYJBeJdRiId6jARCOvA6IbZG/PBkENj4Ik3yu//I59Glye7Da/2mQrlo1DWN95OVK76dX808DcEE6iCyVxH5Zewk+EiJVxhhqRsBX6u2hoJRTEjxgsLSXKE+6hLWh Y5Sols61FNBtas0oFJJuziCo7Urzs0SqUcpLFNpkj15E9vKP7ltQqVHLc15XmhCMfjg5KCQZXBYeewQwXBig0sICyovSvEPWTrUPZnPFtC8PPJv+GuUQ8s3xxWT88mdZTAJtgC2yAAR+AUXIFr0AQYvDnzTsVZc97dZXfd3RhHXWeyZw18Gxd+AP+8t3I=</latexit>
|D0i
<latexit sha1_base64="BijOl9IFacp/YwnUx4/plM7zW4Q=">AAACHHicbZDLSsNAFIYnXmu8VV26CZaCCymJCrosKsW NUMFeoAlhMj1ph04mYWYilNgHceOruHGhiBsXgm/j9CLU1gMDH/9/DmfOHySMSmXb38bC4tLyympuzVzf2Nzazu/s1mWcCgI1ErNYNAMsgVEONUUVg2YiAEcBg0bQuxz6jXsQksb8TvUT8CLc4TSkBCst+fmT4sOVf+MKzDsM/MzNKn7nqOKDOxiY05a p2f5tyxfskj0qax6cCRTQpKp+/tNtxySNgCvCsJQtx06Ul2GhKGEwMN1UQoJJD3egpZHjCKSXjY4bWEWttK0wFvpxZY3U6YkMR1L2o0B3Rlh15aw3FP/zWqkKz72M8iRVwMl4UZgyS8XWMCmrTQUQxfoaMBFU/9UiXSwwUTpPU4fgzJ48D/XjkqP59rR QvpjEkUP76AAdIgedoTK6RlVUQwQ9omf0it6MJ+PFeDc+xq0LxmRmD/0p4+sHcaKg9g==</latexit><latexit sha1_base64="BijOl9IFacp/YwnUx4/plM7zW4Q=">AAACHHicbZDLSsNAFIYnXmu8VV26CZaCCymJCrosKsW NUMFeoAlhMj1ph04mYWYilNgHceOruHGhiBsXgm/j9CLU1gMDH/9/DmfOHySMSmXb38bC4tLyympuzVzf2Nzazu/s1mWcCgI1ErNYNAMsgVEONUUVg2YiAEcBg0bQuxz6jXsQksb8TvUT8CLc4TSkBCst+fmT4sOVf+MKzDsM/MzNKn7nqOKDOxiY05a p2f5tyxfskj0qax6cCRTQpKp+/tNtxySNgCvCsJQtx06Ul2GhKGEwMN1UQoJJD3egpZHjCKSXjY4bWEWttK0wFvpxZY3U6YkMR1L2o0B3Rlh15aw3FP/zWqkKz72M8iRVwMl4UZgyS8XWMCmrTQUQxfoaMBFU/9UiXSwwUTpPU4fgzJ48D/XjkqP59rR QvpjEkUP76AAdIgedoTK6RlVUQwQ9omf0it6MJ+PFeDc+xq0LxmRmD/0p4+sHcaKg9g==</latexit><latexit sha1_base64="BijOl9IFacp/YwnUx4/plM7zW4Q=">AAACHHicbZDLSsNAFIYnXmu8VV26CZaCCymJCrosKsW NUMFeoAlhMj1ph04mYWYilNgHceOruHGhiBsXgm/j9CLU1gMDH/9/DmfOHySMSmXb38bC4tLyympuzVzf2Nzazu/s1mWcCgI1ErNYNAMsgVEONUUVg2YiAEcBg0bQuxz6jXsQksb8TvUT8CLc4TSkBCst+fmT4sOVf+MKzDsM/MzNKn7nqOKDOxiY05a p2f5tyxfskj0qax6cCRTQpKp+/tNtxySNgCvCsJQtx06Ul2GhKGEwMN1UQoJJD3egpZHjCKSXjY4bWEWttK0wFvpxZY3U6YkMR1L2o0B3Rlh15aw3FP/zWqkKz72M8iRVwMl4UZgyS8XWMCmrTQUQxfoaMBFU/9UiXSwwUTpPU4fgzJ48D/XjkqP59rR QvpjEkUP76AAdIgedoTK6RlVUQwQ9omf0it6MJ+PFeDc+xq0LxmRmD/0p4+sHcaKg9g==</latexit><latexit sha1_base64="BijOl9IFacp/YwnUx4/plM7zW4Q=">AAACHHicbZDLSsNAFIYnXmu8VV26CZaCCymJCrosKsW NUMFeoAlhMj1ph04mYWYilNgHceOruHGhiBsXgm/j9CLU1gMDH/9/DmfOHySMSmXb38bC4tLyympuzVzf2Nzazu/s1mWcCgI1ErNYNAMsgVEONUUVg2YiAEcBg0bQuxz6jXsQksb8TvUT8CLc4TSkBCst+fmT4sOVf+MKzDsM/MzNKn7nqOKDOxiY05a p2f5tyxfskj0qax6cCRTQpKp+/tNtxySNgCvCsJQtx06Ul2GhKGEwMN1UQoJJD3egpZHjCKSXjY4bWEWttK0wFvpxZY3U6YkMR1L2o0B3Rlh15aw3FP/zWqkKz72M8iRVwMl4UZgyS8XWMCmrTQUQxfoaMBFU/9UiXSwwUTpPU4fgzJ48D/XjkqP59rR QvpjEkUP76AAdIgedoTK6RlVUQwQ9omf0it6MJ+PFeDc+xq0LxmRmD/0p4+sHcaKg9g==</latexit>
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FIG. 2. Dark states for two fermions on a single site for
different internal level structures.
states. Remarkably though, for our system a large set
of dark states can be built out of simple product states
of single-site dark and ground states. More specifically,
let |Dαi〉i, i ∈ SD, be arbitrary i-site dark states fulfill-
ing Dˆ−i,q |Dαi〉i = 0 ∀q, e.g. the states of Eqs. (4) or (5).
And let
∣∣Gβj〉j , j ∈ SG, be arbitrary j-site states with
all atoms in the ground-state manifold, which are also
trivially dark, Dˆ−j,q
∣∣Gβj〉j = 0 ∀q. Then, any arbitrary
product state given by∣∣D{αi},{βj}〉 ≡ ⊗
i∈SD
|Dαi〉i
⊗
j∈SG
∣∣Gβj〉j (6)
fulfills Eq. (3) and is hence a dark state of the multi-
site system. Notice that these states are robust against
imperfect filling, as long as each site fulfills Eq. (3), sep-
arately.
Dark states of the form (6) have remarkable proper-
ties. First, they are independent of the geometry of the
lattice. In particular they do not require short subwave-
length distances between sites, which is usually an im-
portant ingredient in proposals for two-level subradiant
states. Second, they can support a large number of ex-
citations, up to one excitation per lattice site. This con-
trasts with the two-level case, where typical subradiant
states involve only one or few excitations shared among
all the atoms, see e.g. Refs. [3, 4, 7, 10, 11]. Moreover, all
dark states of the form (6) with equal number of excita-
tions are degenerate with zero energy shift (Hˆ |D〉 = 0),
which opens the door to the creation of stable entangled
states.
Preparation.—To excite any multisite dark state of
Eq. (6) it is sufficient to consider the case of a single
lattice site (we drop the index i in the following). Dark
states are typically hard to prepare. In our case, a laser
addressing the e-g transition can not coherently excite
atoms into the dark state. This is because the Hamilto-
nian is given by HˆL = −
∑
q
(
Ωq Dˆ+q +h.c.
)
with Rabi fre-
quency Ωq ≡ Ω
(
e∗q · L
)
and laser polarization L. This
4implies 〈D| HˆL |G〉 = 0 for any ground state |G〉 and dark
state |D〉 fulfilling Eq. (3).
We propose an excitation scheme for the dark states
based on a Raman scheme through an intermediate state
|sms〉 with total angular momentum Fs, ms ∈ [−Fs, Fs],
and decay rate Γs, see Fig. 3(a). We couple both states
g and e off-resonantly to state s with detuning ∆ such
that the effective Raman Hamiltonian is given by HˆeffL =∑
m,n
[
Ωeffmn σˆ
+
mn + h.c.
]
with σˆ+mn ≡ (σˆ−nm)† and the ef-
fective Rabi coupling Ωeffmn ≡ Ωeff
∑
k C˜
(se)∗
m,k−m C˜
(sg)
n,k−n.
Here, we defined C˜
(ab)
mq ≡ 〈Fa,m; 1, q|Fb,m+ q〉(e∗q · (ab)L )
and Ωeff ≡ Ω(sg)Ω(se)/∆, where Ω(ab) is the Rabi fre-
quency of the laser connecting states a and b with polar-
ization 
(ab)
L (a, b ∈ {e, g, s}). This is valid in the limit
|∆|  Ω(sg),Ω(se),Γs.
The couplings Ωeffmn are, in general, different from Ωq,
and they can lead to 〈D| HˆeffL |G〉 6= 0. To see this con-
sider Fg = Fe = Fs = 1/2 with both Raman lasers
ez-polarized. Starting with both atoms in the ground
state
∣∣G1/2〉 ≡ ∣∣g−1/2g1/2〉, the single photon Hamilto-
nian, HˆL ∝
∑
m C
q=0
m [σˆ
+
mm + h.c.], couples to the su-
perradiant state |S〉 ≡ (∣∣g1/2 e−1/2〉+ ∣∣g−1/2 e1/2〉) /√2.
This results from the signs of Cq=01/2 = −Cq=0−1/2. The
Raman scheme essentially changes the signs of the cou-
plings, HˆeffL ∝
∑
m(C
q=0
m )
2 [σˆ+mm + h.c.], which leads to a
coupling to the dark state, HˆeffL
∣∣G1/2〉 ∝ |D0〉{ 12 , 12}.
In general, the Raman Hamiltonian may couple the
ground or dark states to undesired nondark states. In
the previous example, HˆeffL will couple the dark state to
|ee〉 ≡ ∣∣e−1/2e1/2〉. To avoid populating any of these non-
dark states with decay rates ∝ Γ one can take advantage
of the quantum Zeno effect. In the limit of small effective
Rabi coupling, Ωeff  Γ, the fast decay acts as a contin-
uous projection, and the nondark states are populated
only at an effective rate ∼ (Ωeff)2/Γ. The nondark-state
population can, thus, be suppressed by reducing Ωeff/Γ.
Figure 3(b) shows this for Fg = Fe = 1/2, relevant for
171Yb. At large Rabi coupling, |ee〉 would get excited
and decay into |S〉. At small Rabi coupling, however,
high-contrast coherent oscillations between the ground
and dark states can be observed.
Our Raman scheme can be used to excite dark states
for other internal level structures too. For this, one needs
to choose (i) an initial ground-state |gmgn〉 and (ii) an
intermediate state and laser polarizations such that the
coupling to the dark state is nonzero. Such ground states
can in principle be prepared by optical pumping. For
example, to excite the dark state |D0〉{F,F} of Eq. (4) for
general Fg = Fe = F , one can start with |GF 〉 ≡ |g−F gF 〉
and choose Fs = F with ez-polarized lasers. Figure 3(c)
shows the coherent oscillations of the dark state obtained
with this scheme for F = 9/2, relevant for 87Sr. In this
case, however, a full inversion into the dark state can not
be obtained, since other ground states with
∣∣GF<9/2〉 get
 
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FIG. 3. (a) Raman excitation scheme for Fg = Fe = Fs = 1/2
and ez polarized light. (b) Excitation of |D0〉{1/2,1/2} for
171Yb level structure with Ωeff = 0.03Γ. (c) Excitation of
|D0〉{9/2,9/2} for 87Sr level structure with Ωeff = 0.001Γ. (d)
Resonant Ramsey sequence for ∆z/Γ = {0, 4, 8, 16, 32}10−3
from top to bottom.
coherently excited as well. Further examples are given in
the Supplementary Material [39].
Implementation.— Alkaline-earth atoms are particu-
larly well-suited due to their lack of hyperfine splitting
in the ground state. We consider, e.g., 171Yb or 87Sr with
nuclear spins I = 1/2 and I = 9/2, respectively.
The natural choice would be to consider the clock tran-
sition g = 1S0 to e =
3P0, for which Fg = Fe = I and
Γ ∼ mHz. Because of its slow decay rate, however, dark
states on this transition will be currently hard to observe,
due to other competing decay mechanisms such as light
scattering [42]. A better alternative would be to use the
faster decaying transition to e = 3P1, Γ ∼ kHz, either
with Fe = I or with Fe = I + 1. To implement the dark
state preparation scheme one could use s = 1P1 [43],
s = 1D2, or s =
3D2 as an intermediate state.
We anticipate two possible sources of complications:
collisions and stray magnetic fields. In general, collisions
may induce mixing of dark and nondark states, and thus
reduce the lifetime of the dark state. However, by tightly
trapping the atoms so that they are confined to be in the
motional ground state, the number of possible collision
channels is greatly reduced. In particular, conservation of
total angular momentum implies that the |FT ,M〉 dark
eigenstates (4) and (5) should be good collisional eigen-
states, as long as collisions are dominated by the long-
range part of the potential. Depolarization effects in 3P1
due to magnetic dipole interactions can be avoided if one
works in the lowest energy F state.
Nonvanishing stray magnetic fields lead to Zeeman
splittings ∆z that also cause mixing between dark and
nondark states. Assuming magnetic field fluctuations in
optical lattice experiments to be of order µG [44] implies
5that for the 3P1 linear Zeeman shift of order MHz/G,
one has ∆z/Γ ∼ 10−3  1. In this case, the quantum
Zeno effect again protects the dark state, which acquires
an effective decay rate given by Γeff ∼ ∆2z/Γ. Figure 3(d)
shows an example, for Fg = Fe = 1/2, of a full Ramsey
sequence where the
∣∣e±1/2〉 states are detuned by ±∆z/2.
The decay implies a reduced contrast for phase estima-
tion. The lifetime of the dark state is further limited by
the decay to the next motional band with Γeff ∼ η2Γ, for
small Lamb-Dicke parameter η [45].
Applications.—We have shown that multilevel
fermions loaded into doubly-filled optical lattices sup-
port a large set of dark states and, thus, offer an
attractive platform to experimentally observe strong
subradiance. Superpositions of ground and dark states
can be useful for building precise optical clocks, even
on internal levels that are not naturally long lived.
The multilevel dark states will not suffer from dipole
interaction shifts, which may constitute a fundamental
limit for 3D lattice clocks. Qubits made of ground and
dark states will form a large decoherence-free subspace
which could be used in quantum information science,
e.g. as quantum memories, as well as for quantum
simulation, e.g. by including superexchange interactions,
or for quantum optical devices, e.g. to create mirrors or
interesting photonic states.
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Supplementary Material: Dark states of multilevel fermionic atoms in doubly-filled
optical lattices
DIPOLE MATRIX ELEMENTS
We separate the matrix elements of the dipole operator
dˆ using the Wigner-Eckart theorem [46] as
〈em|dˆ|gn〉 ≡
d
(eg)
mn dradge√
2Fe + 1
, (S1)
where d
(eg)
mn is the spherical and dradge the radial part. The
relationship between the spherical part and the Clebsch-
Gordan coefficients is given by (q = 0,±1)
d
(eg)
m+q,m = 〈Fg,m; 1, q|Fe,m+ q〉 e∗q . (S2)
ONSITE DIPOLE INTERACTION
COEFFICIENTS
To compute the dipole interaction between two atoms
occupying the same site, the spatial part of the wave-
function needs to be taken into account as
Gii =
∫
dr dr′G(r− r′) |wi(r)|2 |wi(r′)|2. (S3)
Here, G(r − r′) is the dyadic Green’s tensor defined in
the main text, and wi(r) = w(r − ri) is the Wannier
function of the lowest motional eigenstate of lattice site i.
In the limit of a deep trap, wi(r) can be approximated by
the ground-state wave-function of a harmonic potential,
which is a Gaussian profile. The leading-order terms of
G(r) for short distances are given by
ReG(r) ≈ − 3Γ
4
1− 3rˆ ⊗ rˆ
(k0r)3
, (S4)
ImG(r) ≈ Γ
2
1. (S5)
This implies ImGii = Γ2 1. For a radially symmetric po-
tential, the spherical integral over ReG(r) vanishes, and
hence ReGii = 0.
PREPARATION
We provide here an example of the Raman excitation
scheme applied to the internal level structure Fe = Fg+1.
Specifically, we consider Fg = 1/2 → Fe = 3/2 and
show how to prepare the dark state |D+1〉{1/2,3/2} start-
ing from the ground state
∣∣G1/2〉 ≡ ∣∣g−1/2g1/2〉. For this
we use an intermediate state with Fs = 3/2 and choose
the lasers to have polarizations 
(sg)
L = e+ and 
(se)
L = ez.
Figure S1 shows the evolution of the occupations
of different states for different effective Rabi couplings
Ωeff. For large effective Rabi coupling Ωeff = Γ
[Fig. S1(a)] the laser substantially excites both the target
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FIG. S1. Raman preparation scheme applied to Fg = 1/2,
Fe = 3/2 for (a) Ω
eff = Γ and (b) Ωeff = 0.01Γ.
2dark state |D+1〉{1/2,3/2} =
√
3
2
∣∣g1/2e1/2〉+ 12 ∣∣g−1/2e3/2〉
(blue line), as well as the bright state orthogonal to it,
|B+1〉{1/2,3/2} ≡ 12
∣∣g1/2e1/2〉− √32 ∣∣g−1/2e3/2〉 (red line).
These states subsequently couple to the doubly-excited
state |ee〉 ≡ ∣∣e1/2e3/2〉 (gray line), which gets excited too.
Part of |ee〉 then decays into the maximally stretched
dark state |D+2〉{1/2,3/2} =
∣∣g1/2e3/2〉 (dashed blue line).
The occupancy of the bright and doubly-excited states
can be significantly reduced using the quantum Zeno ef-
fect, as explained in the main text. Figure S1(b) shows
for Ωeff = 0.01Γ high-contrast coherent oscillations be-
tween the ground and target dark state, with a negligible
occupation of the nondark states.
At long times, the atoms slowly end up in the maxi-
mally stretched dark state |D+2〉, which neither decays
nor couples to other states for the lasers chosen. Thus,
this can be seen as a way of preparing such maximally
stretched states in an optical pumping fashion.
